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The Mathematics Teacher 

Volume XV. October, 1922 Number 6 

THE STRENGTH OP THE MENTAL CONNECTIONS 
FORMED IN ALGEBRA 1 

By EDWARD E. THORNDIKE 
Institute of Educational Research, Teachers College, Columbia University 

As things are now, pupils lack mastery of the elements of 
algebra. The extent to which this is the case can be understood 
and appreciated best by the consideration of actual test results. 
The tasks shown in Table I. were the first twenty-eight of forty 
making a test for which from 90 to 100 minutes was allowed and 
which could be done by first rate algebraists in twenty-five 
minutes without errors save an occasional lapse. 2 Pew or no 
complaints were made about insufficient time, and almost all the 
pupils attempted all of these twenty-eight tasks, and others be- 
yond them. The schools were either private schools with excel- 
lent facilities, or public high schools in cities which rank much 
above the average of the country in their provision for educa- 
tion. In both cases the pupils would, beyond question, be su- 
perior to the average of second-year high-school pupils in gen- 
eral intellect and capacity for mathematics. All the pupils had 
studied algebra for at least one year. Most of them were con- 
tinuing their study of it at the time the test was given (in 
October and November and December, 1921). 

It does not seem an exaggeration to say that, on the whole 
these students of algebra had mastery of nothing whatsoever. 
There was literally nothing in the test that they could do with 
anything like one hundred per cent efficiency. If they had been 
asked to add 3a to la, or to multiply 3& by 2b, we might have had 
nearly perfect records, but that would not have meant mastery of 



1 The studies reported in this article are made possible by a grant from 
the Commonwealth Fund. 

2 Four forms of the test were used, different in the concrete details of 
each task, but constructed on the same plan and of almost exactly equal 
difficulty. The results where forms B, C, and D were used may therefore 
be safely used to make the percentages more reliable; and this has been 
done. 
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3» + la or 3& X 2b. Complicate the situation slightly, as in 
Id X 2de 2 or de 2 X d 2 e or 4e 2 + e( — 4e — 3), which are 
Nos. 7, 8 and 10 of the test, and the pupils fail. 

These results are supported by the findings in all tests of 
algebraic abilities that have been published. They have not 
stood out in such clear relief before, since in some of the pre- 
viously given tests the pupils have been urged especially to 
speed, and in others the tasks have been more elaborate, com- 
plex and difficult than those which we used. Since the com- 
munities and schools which share voluntarily in educational 
tests and experiments tend to be far above the average in intel- 
lectual abilities and in educational wisdom and devotion, it is 
safe to assume that the results from Monroe, Rugg and Clark, 
Hotz and Douglas represent the work of superior pupils taught 
by superior teachers. Our results surely do. 

We quote in Table 2 the facts by Hotz ('18) for pupils who 
had studied algebra nine months. Hotz reports ( '18 p. 4) that 
' ' Evidence collected by a system of checks .... seems to indicate 

that the time allotment was ample In ninety -six out of two 

hundred of the tests submitted to nine months' students, exer- 
cises No. 19 and No. 25 in the equation and formula test were 
interchanged. They were then submitted to classes on a "fifty- 
fifty ' ' basis. The results showed that exercise No. 25 was solved 
correctly about three times as often when it came last in the list, 
while No. 19, on the other hand, was solved more frequently 
when it came nineteenth on the list. Similar checks were em- 
ployed in each of the other tests, with the exception of the graph 
test, and similar results were obtained." Since we quote the 
results for the first 1 and easiest sixteen out of twenty -four tasks 
in the addition and subtraction test, for the first and easiest six- 
teen tasks out of twenty-four in the muliplicaion and division 
test, and for the first 2 and easiest seventeen tasks out of twenty- 
five in the equation and formula test, there is still less danger 
of improper influence of insufficient time in the case of the tasks 
quoted here than for the tests in general. 



l Not absolutely so;~one was 17th in order. 
-'Not absolutely so; one was 18th in order. 
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Table 2. 
Percentages of Wrong Responses and Failures of Response 
in the Case of Pupils Who Have Studied Algebra 9 Months. 
After Hotz. 

ADDITION AND SUBTRACTION. 

4r + 3r +2r = 1 !j ! -)>- (2a 2 + 3* — 4) = 25 

2* + 3*= 1 5*— [4*— (3* — 1)]= 36 

12* + 6b — 3b = 2 y 4 c — He = 36 

2c +y 2 c= 5 3*-2 + * + 4 _ ^ 

7x — X + 6 — 4= 7 3 6 

3a — 4b + 5a — 2b = 9 , 3x 

Sm+(—4-m)= 13 r = 51 

20*— (10* + 5*) = 14 " — * a r x 

(4r — St) + (s — 3r) = 17 = 54 

8c — ( — 6 + 3<r) = 24 r + z r — z 

MULTIPLICATION AND DIVISION. 

3 • ly = 4x* 2x- 



I2n 



15 



1 5 

4 (2a- + 7a — 9) (5a— 1) = 30 



2a • 4a* 2 = 3 



? 4 + 7« 2 — 30 



6f 3 -=- 2c 2 = 4 = 24 

2 n 2 — 3 
— of 9m — 5 7a 7a 2 

3 — -r- — = 16 
—8a 2 * 15 20 



4a 2 — 12*V J • (* — 2) 



37 



4x • ( — 3xy s ) — 11 3* 2 ji 2 

a 3 • (—3a) • (—2a) = 12 m + „ b 

\%m 2 n — 27m» 2 " ~Z ~T ~ ZZ 

— 20 — 

9mn (—3xy s ) 4 = 38 

EQUATIONS AND FORMULAS. 

2x = 4 many square feet are there in a 

7 m — 3^, 4-J2 2 triangle whose base is 10 feet, and 

- 1 , _ o 4 whose height is 8 feet? 31 

5a + 5 = 61 — 3a 7 y_ _ _5_ _ £ J() 

7n — 12 — in + 4 = 7 3 2 4 

10— llz =4—8:5 10 %(x + S)= 5 36 

2 ( 3 OT 4- 7» = 34 

J 2 - 6 10 ) 7m + in = 46 iU 

f — 2(3— 4c) =12 10 4 - 2 31 

1 1 3 — * 1 + * 
v 4- x = 3 22 

2 4 *""' The area of a circle = 7rr 2 in which 
? - r = radius of the circle and v 
_ — _ 20 — 3 f F ' n d tne area '" square feet 

3 8 of a circle whose radius is 7 feet. 

en 

The area of a triangle = V2 bh, in 

which * = length of the base, and In the formula RM — EL find the 

/; = height of the triangle. How the value of M 49 
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There is then, obviously, need for considering the psychology 
of the strength of the mental connections or bonds required in 
algebra. 

We may first consider two basic propositions. 

A. These pupils could have gained the abilities needed to 
enable them to do these simple tasks with far fewer errors. The 
tasks are not beyond the intellects of most of them ; the trouble 
is not that tasks 1 to 28 contain subtleties which they cannot 
comprehend. 

B. These pupils would profit educationally if some of the 

time and thought that they and their teachers have spent in 

other ways had been spent in enabling them to subtract 3c — 3a 

PV PiVi 
from 5a — b — 2c ; multiply 2de 2 by Id; find V when — - = ■ , 

and the like. It would be better if they wholly knew what is 
required to master fourteen of the twenty-eight, instead of half- 
knowing what is required for all of them. 

Probably very, very few experts in mathematics, teaching, or 
psychology, could be found to dispute either of these proposi- 
tions. The truth of A, for all save the few pupils who are either 
below Stanford Mental Age 13.5 or an Army Alpha 56 (first 
trial), or suffer from a special mathematical disability, could 
probably be deduced from psychological facts. It is also demon- 
strated a posteriori by the fact that certain schools, not superior 
in their student personnel, do secure substantial efficiency at 
such tasks. 

The truth of B is argued as follows : 

The disciplinary value of algebra shrinks toward zero when 
pupils operate it so as to fail with one out of four simple tasks. 
The lessons of logic, precision, and economy cannot well be trans- 
ferred if they have not been learned for algebra itself. The 
value of algebra as a tool may fall below zero when pupils are so 
insecure in its technique. It may be actually better for them in 
after life to earn money to hire somebody to do their algebra 
for them than to trust their own work. The value of algebra 
as an inspiration and enrichment becomes very dubious. One 
fears that children who are so much at a loss in operating with 
symbols and equations lack any very beneficial ideas about sym- 
bolism or the equation. 
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It will be understood that we are not upholding B for all alge- 
braic knowledge, but only, for the present, for such fundamental 
connections or bonds as are needed for such tasks as Nos. 1 to 28 
of the table. 

Indeed, one of the most promising ways to secure something 
like 100 % efficiency with certain bonds is to sacrifice others. For 
example, a rather long list can be made of mnemonic bonds now 
often formed at considerable time cost, all of which might per- 
haps be replaced by "Copy these formulae carefully on a card 
and put such a card in a pocket of every suit of clothes (dress) 
you own". Another long list could be made of bonds between 
various disguises of a 2 — b 2 , a 2 + 2a& + ft 2 , etc., and their fac- 
tors where time might be saved, these tasks being left to be done, 
if at all, as "originals". Other cases where bonds may be 
formed to only slight or even zero strength will suggest them- 
selves. 

Two objections will be made to emphasis on the strengthening 
of bonds by thinkers who, while admitting the validity of propo- 
sitions A and B, deprecate any tendency that may sacrifice the 
applications of algebra and its study of relations to formal work 
with symbols. They will object that the formal work has already 
more than its fair share of attention and that we should not be 
interested in creating skilful, rapid algebraic computers. 

We may sympathize with these objections without abandoning 
the view that certain bonds need to be far stronger than they 
now are. We could, in fact, reduce the relative amount of for- 
mal work enormously and still give more practice to the funda- 
mental bonds than they now receive. For example, the elimina- 
tion of all work with polynomial denominators, division by a 
polynomial, and square root and cube root of polynomials, would 
leave much time free for strengthening basic bonds. Moreover, 
it may be that interesting applications of algebra are the very 
best means of strengthening them. 

As to creating computers, the objection states a true and im- 
portant fact, but it is not an objection. We should not care much 
about training algebraic computers; the "practical" utility of 
even the simplest algebraic computation, as such, is not wide- 
spread, as is the utility of simple arithmetical computation. 
Algebraic compution is however much more than a practical tool, 
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it is also an evidence of understanding of the algebraic principles 
learned and an aid in learning others. Unless the pupil has 
mastery for such tasks as Nos. 1 to 28, he can hardly have any 
real appreciation of the nature of algebraic symbolism, negative 
numbers, exponents, equations, or the axioms used in solving 
them. Nor is he probably fit to follow the derivations and proofs 
of formulae, nor to select the formulae which fit given problems 
in applied algebra, nor to apply them properly when selected. 
More attention to the fundamental bonds will probably be profit- 
able, entirely apart from the improvement in computation for 
computation's sake. 

Without further debate about the importance of strengthening 
these fundamental bonds 1 , let us consider promising means of 
doing it. 

The first is improved and earlier understanding of the essen- 
tial fact that letters represent numbers. 

A pupil may think that ab X b = ab 2 with the attitude ' ' the 
product of two numbers times one of them — what ? ' ' and think, 
when he obtains the ab 2 , ' ' This is a rule that will be true of the 
product of any two numbers by one of them," and half -think 
" cd X d would be cd 2 , xy X y would be xy 2 . " ab X b =ab 2 is 
to him a meaningful series like "A dog has four legs". He may 
on the other hand, see or hear ah X b = ab 2 without any "set" 
of his mind toward ' ' generalized arithmetic ' ', and without think- 
ing of numbers, or even, in any proper sense, of anything. 
ab X b = b 2 is then a nonsense series like "rig fan tu lo." It 
will then be hard to learn and to remember, and will be a dead 
item of memory unrelated to cd X d, x y X y, and hardly differ- 
entiated from — or ab -{- b. If the "set" or attitude of the mind 

b 
toward the first hundred or so operations with literal numbers 



1 By an unfortunate choice of words, it is customary to say that the" 
basic mental connections involved in the use of the axioms, tr-^ laws of 
signs, exponents in multiplication and division, removal of parentheses, and 
the like, should be automatic. Automatic is used by many psychologists to 
mean "unconscious", "without awareness"! We do not wish them to be 
automatic in the sense of without awareness. On the contrary, it is rather 

a'r* 
an advantage for a pupil to be rather fully aware that in he is cancell- 

ing, that he leaves a 2 above as the balance from a* and a 2 , and leaves x be- 
low as the balance from x 2 and X s and that & must stay in too. It is surety 
and readiness to act, not the absence of awareness or consciousness, that 
we desire. Strong, perfect, errorless, habitual, fluent, would perhaps be 
better adjectives than automatic. 
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is permitted to become that of learning a queer game, where you 
pretend to add, subtract, multiply and divide letters, there is 
certainty that these bonds themselves will be weak, and proba- 
bility that all later practice will be much less effective than it 
should be. As a result of their experiments in teaching, Rugg 
and Clark were led to provide painstakingly for full and re- 
peated attention to the fact that abc — xy mean real numbers of 
some real objects or quantities. Work in evaluation is of great 
merit in this respect, as they found. 

The second means of strengthening the fundamental algebraic 
bonds is to form and justify the habit of expecting the opera- 
tions to give a trustworthy, useful result. If, by keeping the 
tasks within the pupils' powers, by providing them with keys 
and checks for use when needed, and by other means, we give 
them cause to trust their algebraic results as they trust their 
addition of 2 and 2 or their multiplication of 10 by 10, the con- 
nections will be made with distinctness, emphasis and satisfac- 
tion. Consequently, they will grow strong rapidly. If, on the 
other hand, the pupil thinks ax X Sax 2 = 3a 2 x 3 with no sense of 
security, the gain from the practice will be slight. If he feels 
much the same when he calls ax X 3aa; 2 3ax 3 as when he calls it 
Sa 2 x 3 , we cannot expect rapid strengthening of the latter. Unless 
we are skilf ull some of the pupils ' practice will* be practice in 
error and much of it will be practice in insecurity. 

Some of the devices which have been found helpful in arith- 
metic deserve trial in algebra. Such, for example, are keyed ex- 
ercises ■wherein the pupil can' learn at once whether his response 
is right or wrong ; and practice drills wherein he acquires a speci- 
fied mastery of certain bonds before proceeding to form others. 
Consider material like that shown below and on next page for 
early work in multiplication. The pupil covers the answers with 
a card and looks at them to verify his answers. In early stages 
he may verify each answer as he obtains it. Later he may write 
some or all before verifying any. 

Practice Material: A. 

3 X 5a 15a 3 

4X7* 28* 4 

5 X 6» 30» 9 

7X8/ S6p 7 

8 X 10? 80? 6 



X a 


3a 


X b 


4b 


X * 


9k 


X t 


It 


X y 


6y 
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2 X 6a 2 


12a 2 


5 X c 2 


5 c 2 


3.X 4c 2 


12c 2 


7 X d 3 


Id 3 


5 X 9d* 


45a" 2 


6 X * 2 


6* 2 


7 X 6/2 


42Z 2 


4 X ay 


4ay 


10 X 2m 2 


20m 2 


8 X *m 


8*m 


5 X Apl 


20/> 3 


2 X c# 2 


2cg 2 


6 X 3j 3 


18? 3 


5 X ep 3 


Sep 3 


7X5** 


35** 


9XA 


9dH 


8 X 2y* 


16y* 


2 X aa* 


2adx 


9 X 3 ? 6 


27 ? 5 


3 X eye 3 


leyz 3 


2 X 4ac 


8ac 


2a X 3a 


6a 2 


3 X 5*a" 


15 W 


5* X 9* 


45* 2 


4 X 7** 


28** 


6c X 4c 


24c 2 


5 X %mt 


40m* 


7* X 2* 


14* 2 


6 X 2*y 


12*y 


9y X 8y 


72y 2 


7 X 2ac 2 


14ac 2 


3c X 4a* 


12a*c 


8 X 3c 2 * 


24c 2 * 


8<r X 9cg 


72c 2 g 


9 X Zef 2 


18<-/ 2 


5* X 6xy 


30* 2 y 


8 X 41 2 m 


321 2 m 


lp X 2^i» 


6p 2 v 


6 X Smifi 


30mn 2 


4m X Imp 


2%m i p 


4 X 3a*V 


12a* 2 a" 


%d X 2aa" 


Uad 2 


5 X 50V 2 / 2 


2$de 2 f> 


3* X 8a* 


24a* 2 


7 X 3^ 2 ? 2 * 


2lp 2 q 2 t 


2* X 7dk 


14a"* 2 


8 X2* 2 y« 3 


16* 2 yz 3 


5* X 9c* 


45 c* 2 


9 X 3*o8y 2 z 


27vfiy 2 * 


4y X 5my 


20my 2 


2X7* 


14* 


3a* X 2a* 


6a 2 ** 


3 X 5u 2 < 


lSu 2 t 


8c* X 4cy 


32c 2 *y 


4 X 4a 3 


16a 3 


7m* X 6my 


42m 2 *y 


S X 4mn 2 # 


20mn 2 > 


%ep X Skp 


40ekp 2 


6 X 9axy 


54a*y 


9mp X 3a^ 


27amp 2 


Consider material like 


that shown above which the pupil 


uses with the 


directions : 


"Practice with these until you can 


give the right 


answers in 


15 minutes". This material also may 


be keyed, the keys being planned for convenient use with both 


oral and written practice, , 


and used so as to economize the pupil 's 


time and encourage him tc 


i do without the key as soon as i.s wise. 




Practice Material: B. 




6 X9m 




2d (a — 6cd 2 ) 




4 X Taxy 




— am (u — a) 




lab X 6ax 




p 2 (Spx + s) 




d X a" 3 




— ex (* — 5y) 




cm X 1-6A 




acy (2y — c) 




2x X 1-4 




3y (n — asy) 




x X 8 




bfk (b — 4*) 




7X5* 4 




— ** (y — *) 




an X np 2 




lb ( 6 — be) 




ad X Amd 




— aV 2 (Id — Sv) 




ay X 3* 




—b 2 {—b + y) 




4cA X c/A 2 




Aan 2 (en + 2a) 




5o"/ X Inp 




e{p — ibc) 




Zady X 4n<i 2 y 




—d 2 x (11 — 2a* 


) 


8 X 2*V 




4y (* + c) 
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9 X 3eP 5m (x — am 2 ) 

x X x 3 —bdy(y — 3) 

2cv X iv ax 2 (dx + 12) 

ab X ex f(x— 16) 

7 X a 2 z —cp (y — ap) 

5 X 4p s -Ap (p + 4) 

3 X m Ims (4 — 21) 

2y 2 X y — mn (pm — n) 

4dw X 5d 9n (—a — 4n) 

—3n X Sp ay 2 (r + 5) 

5b X 6* Zq 2 (ig — 5) 

3* X Sex —aW (a + ab) 

4b X lab m 2 p (mp — 8) 

Id X 2<fc 2 — 8n» (* — an) 

—piv 2 X p 2 v> e 2 y (y — 3) 

5 X 4ot«V 5* (7 + a**) 

6bkx X 3*>r *7n 2 (3<i — 2*) 

2iy X 4ady —x 2 y 2 (x — 3dy) 

b X x 6a (9 + *) 

p X y 2 —ps (p — 8j) 

If the attention of the class is held, rapid oral exercises are 
useful in algebra as in arithmetic, having the merit that a wrong 
response suffers immediate correction. 

The third means is by infusing the process of learning -with 
interest, so that the pupils care about obtaining right answers. 
Prills can probably be devised 1 that will be as suitable in the 
bonds formed and much more attractive than those on pages 325 
and 326. 

Group competition and competition by individuals each with 
his own past record will be found useful. The teaching of 
algebraic computation as a means of solving for any one of the 
elements of a formula and deriving new formulae from those al- 
ready known will show the utility of the computations, and 
may thereby increase interest. Nunn's treatment should be 
studied from this point of view, since he has used brilliant in- 
genuity and much care in introducing computing as a means to 
"changing the subject" of a formula. 2 

A fourth means is the provision of aids to bridge the transi- 
tion from learning A and B and C and D to learning to oper- 



1 Further illustrations of this sort of work, will be found in recent text 
books, for example, on pages 47, 176, 206, 254, 269, 279, 280, 305, and 309 of 
Rugg and Clark "Fundamentals of High School Mathematics". 

2 It is however a question whether the formulae of science and engineer- 
ing are very much more interesting to pupils than the a's and b's and x's. 
and whether changing the subject of a formula and deriving new formulae 
from a given formula are much more real issues to them than finding sums, 
differences, products, and quotients. Nunn's procedure is correct and means 
some gain, but we should not expect too much from it. 
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ate A and B together, and C and D together, and later A, B, C 
and D all together. Thus a pupil learns to find any product of 
the form a X V and any product of the form ax X %, and any 
product of the form x n X % m , and learns that + X + gives +, 
— X — gives +, and + X — or — X + gives — . 

To multiply 3" X 4« r , he has to use the first two in coopera- 
tion; to multiply (p 2 ) ( — p 3 ) he has to use the last two in co- 
operation; to multiply (2 c mx) X ( — Q3m?pa?) he has to use 
all four (and in fact certain other bonds as well) in the right co- 
operative arrangement. 

The organization and cooperative use of habits needs guid- 
ance as truly as their separate formation. Gradation of the 
tasks and keyed exercises will help to prevent practice in error 
and blundering. Surveying the results with respect to signs, 
coefficients, letters and exponents, may help. The more elabo- 
rate the selection, arrangement and relations of the habits are, 
the more profit there will be from checking. Pupils who are 
confused and react in a hit or miss way may be aided by being 
led to state just what they plan to do and why they plan to 
do it. 

The most obvious means of .improvement we have not yet men- 
tioned, namely, a general increase in the amount of practice on 
computation. We have not mentioned it because it is doubt- 
ful whether a general increase in the kind of practice now given 
is an economical means of securing mastery. We do not, for 
example, know that the use of text-books in which the general 
computation is reduced enormously, results in weaker funda- 
mental bonds. The quality of the practice is certainly the 
thing for science to improve. Anybody can increase its general 
amount. Certain inequalities and special insufficiencies should, 
however, receive attention. 

Finally it is obvious that any improvements ma'de in the con- 
ditions and methods of learning will tend to secure greater 
strength of these bonds, other things being equal. There is a 
positive correlation amongst schools between mastery of them 
and ability with more elaborate calculations and with problem 
solving. 



1 Letting a, S, and c represent any numerals, and letting x, y and d repre- 
sent any literal factors expressed by single letters. 
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So much for the bonds that need to be made stronger than 
they are made now. Consider bonds that may well be left 
weaker than they are now. We have first any bonds that are 
useful only for abilities which have been recommended for dis- 
card. They need only zero strength. Next we have such 
specific memory bonds as those for the formulae of arithmetic 
and geometric progressions and the binomial theorem. Pupils 
might perhaps gain by being permitted to look these up in the 
book or by being given time to derive them instead of being 
required to learn them as now. They are evidently hard to 
remember; for it is a regular procedure for pupils who take 
college entrance examinations to study the formulae just be- 
fore the examination, and write them out on the question 
paper as soon as they receive it, before even looking to see which 
it calls for. Their teachers train them to do this. If a pupil 
really understands them, however, it would seem that he ought 
to be able to remember or re-derive them after a reasonable 
amount of practice in applying them. 

In general, in a course in Algebra such as would embody the 
recommendations so far made in this article, there are not many 
bonds formed, that are not worth forming to a strength of say, 
Right 99 times out of 100, when operating along with other 
bonds in the ordinary applications of algebra. 

One very special case remains — that of crutches, or connec- 
tions which are formed for temporary use only, to give way 
later to others. Such are: writing 1 as coefficient, writing a 
parenthesis around a polynomial which is a numerator or de- 
nominator or under a radical sign, and writing 1 as exponent. 
Such crutches are very rarely advocated by authors of text 
books or courses of study and are not much used by teachers 
of algebra. 

The general principle is to avoid them except for reasons of 
weight, in accord with the general psychological maxim, 
' ' Other things being equal form a connection in ways in which it 
is to be used." When there do seem to be reasons of weight 
the bad consequences of the use of crutches can be reduced by 
attaching the standard procedure to one mental set or attitude, 
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and the provisional "crutch" procedure to a clearly differen- 
tiated set. For example the pupils may be given work in this 
form: 

In this column you may change a In doing the work of this column, 

to a 1 , b to b 1 , c to c 1 , ets., to help remember that when no exponent is 

you to remember that when no ex- printed, the exponent 1 is under- 

ponent is printed the exponent 1 is stood, 
understood. 

a 5 (a* + a) a (a* = a) 

U (a + a* + P) 6* (a* b + atf + 6) 

c 2 (c* — e + e«) (c» + d) (c + #) 

d (V"d — V~cd) e % (e J — e* + e) 

(e + e») (e — e*) etc. 

etc. 

In some cases where a certain procedure eventually gives way 
to another the former should still be maintained at a substan- 
tial strength, because of its value as a part of the pupil's total 
system of algebraic abilities and as an insurance against rote 
learning and other calamaties. Such, for example, are the first 
applications of the axioms in the arrangement of equations for 

solving. Adding to both sides and subtracting 

from both sides do give way to "transposing" but they should 
not be permitted to starve for lack of exercise thereafter. It 
is true that we do not wish a pupil, after attaining 2p -f- 4 = 
p -\- 6 or 10p=100, to think laboriously, "I will subtract p from 
both sides and 4 from both sides," and "I will divide both by 
10." On the other hand we do wish him to retain the axiom 
bonds strong for use when needed. The use of equations 
which result in 14.5p = 92.6 and the like will serve this and 
other useful ends. 

There is some evidence that teachers of algebra let the axiom 
bonds weaken from disuse too much and too soon. For ex- 
ample, many pupils have no clear and sure ideas of why the 
common denominators vanish when an equation is "cleared of 
fractions" and do not vanish when fractions are added or sub- 
tracted. In fact if, after the training in clearing of fractions, 
tasks in adding fractions are assigned, a considerable per- 
centage of pupils discard the denominators there. In many re- 
spects it would be profitable to teach pupils at the beginning 
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to clear equations of fractions gradually by multiplying by the 
"largest" denominator first and then by the largest that re- 
mained and so on. As a general procedure for after-life this is 
perhaps better than finding the least common denominator, re- 
ducing all terms to it, and then letting all denominators disap- 
pear. It is easier to remember, and nearly or quite as eco- 
nomical of time for the sorts of operations life offers. As a 
procedure for school use it has the merit of reinforcing the 
fundamental knowledge of the equation and the use of the 
axioms. If pupils later learn to obtain the least common de- 
nominator and operate accordingly they will be less likely to 
learn it as an unreasoning routine. 

Teachers sometimes treat what we have called the regular 
procedure almost as a crutch assisting the pupil to mastery 
of a short cut which replaces it. For example, a pupil would 
probably be scorned for multiplying out (2m + 7) (2m + 7) 
instead of applying the a 2 -f- 2db -j- b 2 formula, or for writ- 
ing (2p — q) — (3p + q) in column form and subtracting 
instead of changing signs and collecting terms, if he did either 
after the short-cut had been learned. He might be scorned 
for dividing m e w 3 — 27p s by m 2 n — 3p instead of writing the 
result directly with the aid of a 3 — b 3 = (a — b) (a 2 -f- ab 
+ b 2 ), or for not transposing two terms from each side in one 
step. 

In view of the very low degree of strength of the funda- 
mental bonds, it seems unwise to abandon them so soon. 
Agility with algebraic manipulations is of value chiefly as a 
symptom of understanding of literal and negative numbers, 
formulae, equations, and the laws of generalized arithmetic. 
Mastery of the regular operations usually teaches these les- 
sons better than facility with short cuts, and the short cuts 
themselves are most instructive when based on mastery of the 
regular operations. 



